This paper investigates the adaptive parallel simultaneous stabilization and robust adaptive parallel simultaneous stabilization problems of a class of nonlinear descriptor systems via dissipative matrix method. Firstly, under an output feedback law, two nonlinear descriptor systems are transformed into two nonlinear differential-algebraic systems by nonsingular transformations, and a sufficient condition of impulse-free is given for two resulting closed-loop systems. Then, the two systems are combined to generate an augmented dissipative Hamiltonian differential-algebraic system by using the system-augmentation technique. Based on the dissipative system, an adaptive parallel simultaneous stabilization controller and a robust adaptive parallel simultaneous stabilization controller are designed for the two systems. Furthermore, the case of more than two nonlinear descriptor systems is investigated. Finally, an illustrative example is studied by using the results proposed in this paper, and simulations show that the adaptive parallel simultaneous stabilization controllers obtained in this paper work very well.
Introduction
In practical control designs, a commonly encountered problem is to design feedback controller(s) to stabilize a given family of parallel systems. It is straightforward to consider each system individually and design a stabilization controller for each system. However, a more economical approach to the problem is to design a single controller, which may take measurements/signals from all members of the family, to stabilize all the systems simultaneously [1, 2] . In this way, the controller implementation cost will be greatly reduced. This control is referred to the parallel simultaneous stabilization. It is noted that this kind of stabilization is different from the traditional simultaneous stabilization problem [3, 4] . The traditional simultaneous stabilization is concerned with designing a control law such that any individual system within the collection of systems can be stabilized by the control law. In other words, the resulting closed-loop system which consists of an individual system and its corresponding controller via its state or output feedback based on that control law is asymptotically stable. It is also noted that the traditional simultaneous stabilization problem is one of the important research topics in the area of robust control and has received a considerable attention in the past few decades [3] [4] [5] [6] [7] [8] .
The descriptor system is a natural representation of dynamic systems and describes a larger class of systems than the normal system model [9] [10] [11] [12] [13] [14] [15] [16] . In the last three decades, many nice results have been obtained for the controller design of linear descriptor systems; see [9, 10, 13, 14] and references therein. In general, it is not an easy task to design a controller for nonlinear descriptor systems (NDSs) and, accordingly, there are fewer works on NDSs except several special case studies [11, 12, 15, 16] ; particularly, it is more difficult to design a parallel simultaneous stabilization controller for a class of nonlinear descriptor systems; the pertinent results were proposed for this case in [1] . For nonlinear differentialalgebraic systems, an ∞ controller was designed in [15] based on the condition for the existence of ∞ controller of nonlinear systems, while the stabilization and robust stabilization of the systems were considered by the feedback linearization approach in [11] and the Hamiltonian function 2 Mathematical Problems in Engineering method in [12] , respectively. In [16] , based on the linear matrix inequality method, the generalized absolute stability was studied for linear descriptor systems with feedbackconnected nonlinearities. Using a nonlinear performance index to the nominal system, a robust adaptive control scheme was presented in [17] for a class of nonlinear uncertain descriptor systems. For the case in which the singular matrix = diag{ , 0} with being an orthogonal matrix, the parallel simultaneous stabilization and robust adaptive parallel simultaneous stabilization problems were, respectively, studied in [1, 18] for two or a family of nonlinear descriptor systems via the Hamiltonian function method. It should be pointed out that there are, to the best of the authors' knowledge, fewer works on the robust adaptive parallel simultaneous stabilization of NDSs [18] .
In this paper, motivated by the Hamiltonian function method [2, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , we apply the structural properties of dissipative matrices to investigate the adaptive parallel simultaneous stabilization and robust adaptive parallel simultaneous stabilization problems for a class of NDSs via output feedback law [30, 31] , and propose a new approach, called the dissipative matrix method, to study NDSs. Firstly, under an output feedback law, two NDSs are transformed into two nonlinear differential-algebraic systems by nonsingular transformations, and a sufficient condition of impulse-free is given for two closed-loop systems. Then, the two systems are combined to generate an augmented dissipative Hamiltonian differential-algebraic system by using the systemaugmentation technique. Based on the dissipative system, an adaptive parallel simultaneous stabilization controller and a robust adaptive parallel simultaneous stabilization controller are designed for two NDSs, in which the singular matrix ≥ 0(≤ 0). Furthermore, the case of more than two NDSs is investigated. Finally, an illustrative example is studied by using the results proposed in this paper, and simulations show that the adaptive parallel simultaneous stabilization controllers obtained in this paper work very well.
The paper is organized as follows. In Section 2, we study the adaptive parallel simultaneous stabilization of two NDSs based on an augmented dissipative Hamiltonian form. Section 3 presents the robust adaptive parallel simultaneous stabilization controller for two NDSs with external disturbances and investigates the case of more than two NDSs. In Section 4, an illustrative example is provided, which is followed by the conclusion in Section 5.
Adaptive Parallel Simultaneous Stabilization of Two NDSs
This section investigates adaptive parallel simultaneous stabilization problem for two NDSs via dissipative matrix method. Firstly, based on suitable output feedback, two NDSs are transformed into two nonlinear differential-algebraic systems by new coordinate transformations, and then the two systems are combined to generate an augmented dissipative Hamiltonian differential-algebraic system by using the systemaugmentation technique, based on which an adaptive parallel simultaneous stabilization controller is designed for the two systems.
Consider the following two NDSs:
, ∈ R are the states and outputs of the two systems, respectively;
∈ R is the control input; ∈ R is an unknown parameter perturbation vector and is assumed to be small enough to keep the dissipative structure unchanged; i.e., if ( ) > 0, then ( , ) > 0; ( , ) ∈ R is sufficiently smooth vector fields, 1 ( ), 2 ( ) ∈ R × ; ∈ R × , 0 < rank( i ) = < , and ≥ 0 or ≤ 0, = 1, 2. Without loss of generality, we discuss ≥ 0, = 1, 2.
Definition 1 (see [32] ). A control law = ( ) is called an admissible control law if, for any initial condition 0 , the resulting closed-loop descriptor system has no impulsive solution.
Lemma 2 (see [33] ). If a vector function ℎ( ) with ℎ(0) = 0 ( ∈ R ) has continuous nth-order partial derivatives, then ℎ( ) can be expressed as
where ( ), = 1, 2, ⋅ ⋅ ⋅ , , are vector functions.
According to Lemma 2, systems (1) and (2) can be transformed into the following form:
where the structural matrix ( , ) ∈ R × , ( , ) ∈ R is some vector of and satisfying ( , 0) = , = 1, 2.
To study the adaptive parallel simultaneous stabilization problem of systems (4) and (5), the following assumptions are given:
where ∈ R is an unknown constant vector related to .
Assumption (A1) implies that fast subsystems of the descriptor systems (1) and (2) have no control . Assumption (A2) is the so-called matched condition. In most cases, we can find Φ and such that (6) holds.
Under assumption (A2), systems (4) and (5) are changed as (7) can be rewritten as
We can always express ( , ) as ( , ) = ( , ) − 0 ( , ), where ( , ) = (1/2)( ( , ) − ( , )) is skew-symmetric and 0 ( , ) = −(1/2)( ( , ) + ( , )) is symmetric, = 1,2. In order to investigate adaptive parallel simultaneous stabilization of systems (4) and (5), we design an output feedback law such that the symmetric part of structural matrix of the closed-loop system can be transformed into positive definite one. Based on this, we have the following result.
Lemma 5. Assume that there exists a symmetric matrix
where ( , ) = ( ) ( ), , = 1, 2. Then, under the following adaptive output feedback law
systems (4) and (5) can be expressed in the following forms: Proof. Substituting (11) into systems (7) and (8), respectively, we can obtain systems (12) and (13), where 1 ( ,
According to (10), we know that ( , ) > 0. The proof is completed.
Since ≥ 0 and 0 < rank( ) = < , there exists a nonsingular matrix ∈ R × such that
] , = [ 11 12 21 22 ] ,
where 1 ∈ R , 2 ∈ R − ,̃1 1 ( , ) = 11 ( , ) and 22 ( , ) = 22 ( , ) are skew-symmetric matrices, and
], which implies that 22 ( , ) =
Remark 6. That ( , ) > 0 is a sufficient not necessary condition of̃2 2 ( , ) > 0. In this paper,̃2 2 ( , ) > 0 can guarantee that the closed-loop descriptor systems (12) and (13) have no impulsive solution. Therefore, (10) is a sufficient condition of systems (12) and (13) to be impulse-free.
From (A1), we have
that is, 2 ( ) =̃2( ) = 0. Thus, according to (15) and assumption (A1), systems (12) and (13) can be transformed into the following differential-algebraic systems:
Since 22 ( , ) = − 22 ( , ) and 22 ( , ) > 0, we know that 22 
Therefore, systems (17) and (18) can be expressed in the following forms: 
With assumptions (A1) and (A2), we have the following result.
Theorem 7. Consider systems (1) and (2) with their equivalent forms (4) and (5). Assume assumptions (A1) and (A2) hold; if there exist symmetric matrices
∈ R × and Φ ∈ R × such that (10) and (6) hold, respectively, then the admissible adaptive parallel controller (11) (V = 0) can simultaneously stabilize systems (1) and (2).
Proof. If assumptions (A1) and (A2) hold, then systems (4) and (5) can be transformed into systems (19) and (20) by the adaptive feedback law (11) , which are of index one at the equilibrium point 0 ( system (12) is said to have index one at the equilibrium point 0 if (17) is nonsingular in a neighborhood of 0); i.e., systems (19) and (20) are impulse-free. According to the implicit function theorem, there exist continuous functions (⋅) such that 2 = 1 ( 1 ), 2 = 2 ( 1 ), (0) = 0. Thus, systems (19) and (20) can be rewritten as (V = 0)
where
Obviously, ( , ) = − ( , ), ( , ) ≥ 0, ( ) ≥ 0. Therefore, system (23) is a dissipative Hamiltonian system. Choosing ( ) = ( ), then ( ) has a local minimum at 0 = (0 , 0 ,̂0 ) . Then, based on system (23) we havė
Thus, system (23) converges to the largest invariant set contained in { :̇( ) = 0} ⊂ { :
From systems (19) and (20), we know that both
That is, the largest invariant set only contains one point, i.e., = {[0 , 0 ,̂0 ] }, with which it is easy to see that 1 → 0 and 1 → 0, as → ∞. Moreover, according to systems (19) and (20), it is clear that 2 → 0 and 2 → 0, as → ∞. Thus, = 1 → 0, = 2 → 0, as → ∞. Therefore, under the admissible adaptive parallel control law (11), systems (1) and (2) can be simultaneously stabilized.
Robust Adaptive Parallel Simultaneous Stabilization of Two NDSs and More Than Two NDSs
In this section, we investigate the robust adaptive parallel simultaneous stabilization problem of two NDSs with external disturbances and parameters perturbation and discuss the case of more than two NDSs. Firstly, for a given disturbance attenuation level > 0, we design an adaptive parallel 2 disturbance attenuation output feedback law such that under the law the 2 gain (from to ) of the closed-loop system is less than . Then, we show that the two systems are simultaneously asymptotically stable when = 0.
To design the robust adaptive parallel simultaneous stabilization controller, the following lemma is recalled, first.
Lemma 8 (see [34]). Consider a dissipative Hamiltonian system as follows:
where ∈ R is the state, ∈ R is the control input, ∈ R is the disturbance, ( ) is skew-symmetric, ( ) ⩾ 0, ( ) has a strict local minimum at the system's equilibrium, is the penalty function, and ℎ( ) is a weighting matrix. Given a disturbance attenuation level > 0, if
then an 2 disturbance attenuation controller of system (27) can be given as
and the -dissipation inequalitẏ
holds along the trajectories of the closed-loop system consisting of (27) and (29) . Now, we consider the following NDSs (1) and (2) with external disturbances:
where ∈ R is the disturbance, ( ) ∈ R × , = 1, 2, other variables are the same as those in systems (1) and (2), and
Given a disturbance attenuation level > 0, choose
as the penalty function, where Λ ∈ R × is a weighting matrix.
To design the adaptive parallel 2 disturbance attenuation output feedback control law for systems (31) and (32) , the following assumption is given:
Assumption (A3) implies that fast subsystems of the descriptor systems (31) and (32) have not been disturbed. Similar to (A1), from (A3) we can obtain that̃2( ) = 2 ( ) = 0.
Based on Section 2, systems (31) and (32) can be transformed into the following forms:
Next, we design an adaptive parallel 2 disturbance attenuation controller for systems (31) and (32) .
Theorem 9. Consider systems (31) and (32) with their equivalent forms (35) and (36), the penalty function (34), and the disturbance attenuation level > 0. Assume that assumptions (A1)∼ (A3) hold for systems (35) and (36). If
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can simultaneously stabilize systems (31) and (32) .
Proof. Rewrite (37) as follows
Substituting the first part of (38) into systems (35) and (36), according to the proof of Theorem 7 and assumption (A2), we know that systems (35) and (36) are impulse controllable and can be expressed as the following dissipative Hamiltonian form:
and
where , ( , ), ( , ), and ( ) are given in (23),
. Because = , = 1, 2, it is easy to show
Thus, system (39) with the penalty function (40) satisfies all the conditions of Lemma 8. From Lemma 8, an 2 disturbance attenuation controller of system (39) can be designed as
which is the second part of (38), and, furthermore, thedissipation inequalitẏ
holds along the trajectories of the closed-loop system consisting of (39) and (42). Therefore, the feedback law (37) is an 2 disturbance attenuation controller of systems (31) and (32) . According to [34] , the 2 gain from to is less than . On the other hand, because ( / ) ( , )( / ) = (43), we know that system (39) is asymptotically stable when = 0; that is, 1 → 0 and 1 → 0 (as → ∞). Moreover, it is clear that 2 = 1 ( 1 ) → 0, 2 = 2 ( 1 ) → 0 (as → ∞). Therefore, = 1 → 0 and = 2 → 0 (as → ∞). Thus, the admissible adaptive parallel control law (37) can simultaneously stabilize systems (31) and (32).
Theorem 10. Consider systems (31) and (32) with their equivalent forms (35) and (36), the penalty function (34), and the disturbance attenuation level > 0. Assume that assumptions (A1) ∼ (A3) hold for systems (35) and (36). If
(1) there exists a symmetric matrix ∈ R × such that (10) holds, and
where ( , ) = ( ) ( ), , = 1, 2;
(2) 1 2 = 0 and 1 2 = 0, then, the admissible adaptive parallel 2 disturbance attenuation controller (37) can simultaneously stabilize systems (31) and (32) .
Proof. From the proof of Theorem 9, we know that under the controller (37), systems (35) and (36) are impulse controllable and can be expressed as (39). From condition (2), it can be seen that 
Thus,
Since
where 111 is skew-symmetric and is the same as that in (22), we havê
In a similar way,
Therefore,
Thus, system (39) with the penalty function (40) satisfies all the conditions of Lemma 8. From Lemma 8, an adaptive parallel 2 disturbance attenuation controller of system (39) can be designed as (42), and, furthermore, the -dissipation inequalitẏ
holds along the trajectories of the closed-loop system consisting of (39) and (42). Therefore, according to the proof of Theorem 9, the admissible controller (37) can simultaneously stabilize systems (31) and (32).
Remark 11. We can utilize the results obtained on adaptive parallel simultaneous stabilization and robust adaptive parallel simultaneous stabilization problems for two NDSs to investigate the same problems of more than two NDSs.
Consider the following NDSs:
where ∈ R , ∈ R , ∈ R , and ∈ R are the states, control input, external disturbances, and outputs of the systems, respectively; is an unknown parameter perturbation vector and is assumed to be small enough to keep the dissipative structure unchanged; ( ) ∈ R × , 0 ≤ ∈ R × , and 0 < rank( ) = < , = 1, 2, ⋅ ⋅ ⋅ , . Given a disturbance attenuation level > 0, choose
Similar to Section 2, we obtain the following forms:
where ( , ) ∈ R is some vector of and satisfying ( , 0) = , = 1, 2, ⋅ ⋅ ⋅ , . + ⋅ ⋅ ⋅ + . Now, we divide the systems into two sets as follows:
According to Section 2, (56), (57), and Theorems 9 and 10, we can easily obtain an adaptive parallel simultaneous stabilization controller (w=0) and a robust adaptive parallel simultaneous stabilization controller of systems (53). 
then, the adaptive control law 
can simultaneously stabilize the systems given by (53).
An Illustrative Example
In the following, we give an illustrative example to show how to apply Theorem 9 to investigate robust adaptive parallel simultaneous stabilization for two NDSs.
Example 14.
Consider the following two NDSs: 
Choose the penalty function = Λ( + ), where Λ is a weighting matrix.
Noticing that 1 (0, 0) = 2 (0, 0) = 0, we obtain 1 ( , ) = (̃1,̃2,̃3 + ) , 2 ( , ) = (̃1,̃2 + ,̃3) , and
It is easy to check that assumption (A2) is satisfied, where Φ = [−1, 0] and = . According to Theorem 9, we obtain the following forms of systems (63) and (64) by the output feedback = − ( − ) + V: Figures 1-3 , respectively.
It can be observed from Figures 1-3 that the states quickly converge to the origin after the disturbance is removed. The simulation results show that the controller (71) is very effective in simultaneously stabilizing the two systems and has strong robustness against external disturbances and parameters perturbation.
Conclusion
This paper has investigated the (robust) adaptive parallel simultaneous stabilization problems of a class of nonlinear descriptor systems via dissipative matrix method. Firstly, under a suitable output feedback law, two nonlinear descriptor systems have been changed as two equivalent nonlinear differential-algebraic systems by nonsingular transforms, and a sufficient condition of impulse-free has been given for two closed-loop systems. Then, the two systems are combined to generate an augmented dissipative Hamiltonian differentialalgebraic system, with which an adaptive parallel simultaneous stabilization controller has been designed for the two systems via the Hamiltonian function method. When there are external disturbances in the two systems, a robust adaptive parallel simultaneous stabilization controller has been presented. Finally, the case of more than two nonlinear descriptor systems has also been investigated in this paper.
Data Availability
The data used to support the findings of this study are available from the corresponding author upon request.
Conflicts of Interest
The authors declare that they have no conflicts of interest.
